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Fig. 1. Some holiday photos: Stephansdom in Vienna, Cologne Cathedral

Fig. 2.

Early gothic period.

Abstract  Gothic architecture, and especially window tracery,
exhibits quite complex geometric shape con gurations. But this
complexity is achieved by combining only a few basic geometric
patterns, namely circles and straight lines, using a limited set of
operations, such as intersection, offsetting, and extrusions. The
reason for this lies in the nature of the process how these objects
have been physically realized, i.e., through constructions with
compass and ruler. Consequently, Gothic architecture is a great,
although challenging, domain for parametric modeling.

We present some principles of this long-standing domain, to-
gether with some delicate details, and show how the constructions
of some prototypic Gothic windows can be formalized using
our Generative Modeling Language (GML). The emphasis of
our procedural approach is on modularization, so that complex
con gurations can be obtained from combining elementary con-
structions. Different combinations of speci ¢ parametric features
can be grouped together, which leads to the concept of styles.
They permit to differentiate between the basic shape and its
appearance, i.e., a particular ornamental decoration.

This leads to an extremely compact representation for a whole
class of shapes, which can nevertheless be quickly evaluated
to obtain a connected manifold mesh of a particular window
instance. The resulting mesh may also contain free-form surface
parts, represented as subdivision surfaces.
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Fig. 3. High gothic period.
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Fig. 4. Late gothic period.

I. THE CONSTRUCTION OF A GOTHIC WINDOW

The basic pattern in Gothic Architecture is the pointed arch.
Its geometric construction is based on the intersection of two
circles. The circles are tangent continuous to the sides of an
arch or a window, given as two parallel vertical line segments.
Consequently the midpoints m_ and mg of the circles lie on
the horizontal line through the upper segment endpoints pp
and pr. The pointed arch is symmetric, so both circles have
the same radius r = dist(p.,mg) = dist(pr, m.).

We call the ratio r/dist(pL, pr) the excess of the arch. When
the excess is 1.0, the circle midpoints coincide with the upper
segment endpoints. Together with the circle intersection, they
form an equilateral triangle. This is the standard pointed arch,
also called equilateral arch. With an excess > 1.0, the circles
intersect at a sharper angle, and this is what is actually called
a pointed arch. When the excess is < 1.0, the arch is not so
high, and this is called four-centered arch. The extreme case
is an excess of 0.5, where m_,mg coincide in the midpoint
between pi, pr. Examples are shown in Fig. 5.
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Fig. 5. Gothic arch with varying excess parameters: Four-centered (0.75),

equilateral (1.0), and pointed arch (1.25)

a) b)
Fig. 6. The height of a pointed arch can be kept constant even when the
width varies.

A. Historical Development of Window Tracery

The pointed arch is a generalization of its predecessor,
the round arch. It was a technological breakthrough that,
after its introduction around 1140, has truly revolutionized the
construction of cathedrals. It was rst systematically employed
by abbot Suger in the cathedral of St. Denis (near Paris,
France), and the new style spread over all Europe in just a
few decades. It has dominated the European sacral architecture
for more than two hundred years, and gave rise to a veritable
footrace between cities, where the constructions became ever
more sophisticated and risky.

Technologically, the great advantage of the pointed arch
over the round arch lies in the fact that the distance between
columns determines also the height of the round arch, whereas
height and width do not have to be equal with the pointed arch
(see Fig. 6). This leaves greater exibility for positioning the
columns, and helps to solve delicate problems with the design
of the ground layout in a cathedral (Fig. 6 right).

Basically the same shape as for an arch can also be used
for a window. The idea of Gothic cathedrals is to make the
walls of the church as transparent as possible, in order to let a
maximum of light enter the room. With coloured windows, a
cathedral was ooded with light in all colors, which was one
of the manifestations of God in the perception of the medieval
christian. The size of the windows in relation to the size of the
walls increased, and the walls actually dissolved to the point
where they completely lost their supporting function. Gothic
cathedrals get their stability almost exclusively from columns,
and not from walls [1].

There is a remarkable development of the ornamental dec-
oration in the upper part of the window, the couronnement.
In the Early Gothic period, starting around 1140, pairs of
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Fig. 7.

Geometry of the prototype window

windows were grouped together, forming an ensemble. But
the windows were created by cutting openings into large stone
plates in the wall. This premature form of window tracery
is therefore called plate tracery (Fig. 2). In the High Gothic
period, from around 1250, the stone parts became ever thinner,
and the windows covered an increasing portion of the wall.
The glass windows were set into a network of stone bars, and
this is when the basic patterns of bar tracery evolved (Fig.
3). The late Gothic period, in the 14th and 15th centuries,
saw a great re nement and sophistication of window tracery.
The basic patterns were varied over and over again, exhibiting
repeated sub-structures with a high degree of self-similarity,
up to the point where the static stone construction appeared to
be actually moving (Fig. 4). One example is the French and
English amboyant style with its ame symbolics [2].

B. The Prototype Window

The focus of this paper is to demonstrate how the con-
struction rules for Gothic architecture can be mapped to a
parametric modeling language. We chose one basic High
Gothic window pattern as our prototype, because it exhibits
the main shape features, the shape vocabulary , that was
subsequently re ned and varied in the Late Gothic period.

This prototype window is shown in Fig. 7. It has two
sub-windows which are also pointed arches. They have the
same form, and most often also the same excess as the large
pointed arch itself, and so the excess parameter is one high-
level parameter of the window. The particular window shown
has excess 1, so that the midpoints of the circular arcs and
the segment endpoints p,, pr coincide. So they are also the
midpoints of the circular arcs from the subwindow’s arches.

There is another degree of freedom however, as shown in
the right image. In order to increase the space for the rosette in
the top, the sub-windows have been set down. Geometrically,
this is a vertical offset between the midpoints of the outer arcs
and those of the inner arcs, for example between m;_ and m_R.

C. Adding a Circular Rosette

Now, given the outer and inner pointed arches, the space
between them can be lled in many different ways, which
is the distinguished feature of each window. In early days of
Gothic, this space was quite often lled with a circular rosette.
Geometrically, the problem is to nd midpoint and radius of
the circle so that it touches the outer and inner arches. First



Fig. 8.

Determining the midpoint and radius of the rosette’s circle

note that the window is symmetric, so the midpoint m¢c has to
lie on the vertical line through py. Then consider the set of
all points that have the same distance from the arcs of the sub-
windows and the big arcs, for example arc g and arcg, as in
Fig. 8. The intersection of this set with the axis of symmetry
gives the midpoint mc of the circle for the rosette window.

This set is depicted as a dotted curve in Figure 8. What kind
of curve is this? A point m with the same distance from the
circles (mg,rgr) and (myg,rr) with r_ +rig > dist(mg,mg)
must be on the outside of one circle and inside the other. Con-
sider m=mc as in Fig. 8, and set r := rg — dist(m,mg). Then
r =dist(m,m g) — r_r. So the sum dist(m,mg) + dist(m,m g =
rR—r+r—rR =rr+rR is actually independent from m’s
position and thus constant for all points in the set. Conse-
quently, the dotted curve is an ellipse. It can be computed
as the intersection of the axis of symmetry and the ellipse
(Mr,mLR, R +rR). The intersection of a line and an ellipse
is the intersection of a circle with the corresponding linearly
transformed line.

D. Offset Curves

The rosette circle and the sub-arches partition the window
into disjoint regions. These regions give the basic window
structure, which is then further re ned. This can be done by
simply adding a pro le around the actual window holes to
emphasize the shape, or, especially in the later period, by
adding sub-structures, again composed of lines and circular
arcs. It is very common that there is a thin planar border
between adjacent regions, so that there is actually a connected
border plane. Geometrically, this means that the region border
is offset by a certain distance, as depicted in Fig. 9, so that a
contiguous border plane results, shown in yellow.

Regarding the great variety of examples where this pattern
is used, it is reasonable to distinguish between two different
offset parameters, namely the interior offset and the offset
distance of the ensemble to the outer pointed arch: Both
parameters are equal in Fig. 9 a), while in 9 b) the outer
offset is doubled.

The great thing about the circle is that its offset is again a
circle. This applies also to curves like a pointed arch that are
created from a sequence of circular arcs and line segments. But
note that if the sequence contains corners, e.g. two arcs joining

Fig. 9. a),b) The regions are shrunk to embed them in a common border
plane. ¢) The offset operation changes the excess of a pointed arch, but keeps
the circle midpoints constant.
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Fig. 10.

Lying and standing trefoil and quatrefoil rosettes.

in an intersection of the respective circles, the intersection of
the offset circles must be computed for obtaining the offset
curve sequence. Simple scaling is not suf cient to create offset
curves: The offset of a pointed arch has a different excess than
the original arch, as shown in Fig. 9 c).

E. Rosette Window with Multiple Foils

A very common way to |l a circular region is by an
rosette with multiple foils, for example a trefoil or a quatrefoil.
We consider two variants of rosettes, namely with round and
with pointed foils. A further distinction is between lying and

a)

Fig. 11. Construction of a rosette with six rounded foils, so a = 363
a) b)
Fig. 12.  Construction of a rosette with pointed foils, with a relative

displacement of 1.15 to obtain m’ and m’’ from m.
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Fig. 13. Offset operationto obtainthe region borders.
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Fig. 14. Pointedtrefoil obtainedfrom pointedarch.

standingrosettesas shown in Fig. 10.

The geometryis fairly straightforward: Given the number
n of foils in a unit circle, the radiusr of the round foils is
computedas shovn in Fig. 11 b). Considerthe tangentfrom
centerc to thecircle mr . Thedistancfromctomis1 r,
so the length of the perpendiculafrom m to the tangentis

1 r sin%, which is supposedo be r. This equationgives
r sing 1 sin%). The perpendiculafeeta andb are the
endpointof the circulararcthatis rotatedandcopiedn times
to make up the rosette.

The pointedfoils can be obtainedfrom the round foils as
shavn in Fig. 12. The midpointsm m are obtainedfrom
m by displacementalong the lines am and bm. The
pointednessandthustheradiusof the circles,is in uenced by
the amountof displacementwhich canbe speci edin relation
to the original radius.Pointsa andb andthe intersectiorpoint
¢ then specify the arcswhich make up the pointedfoils. In
orderto t into theoriginal circle, thefoils arescaled:Circles
permit uniform scaling,and so do circular arcs.

Just as describedin section I-D, a connectedboundary
regionis constructedrom the network of circulararcs.Exam-
ples are shavn in Fig. 13. Note that also theseoffset curves
alsoonly consistof arcsandline segments.

F. Further Re nements

Circular arcscan be combinedvery e xibly. Both corners
and tangent continuousjoints can be obtained from quite
elementarnygeometricconstructionsThe pointedtrefoil in Fig.
14 for instanceis easily obtainedfrom a pointedarch: First
both arcsare symmetricallysplit, andthenthe lower partsare
replacedeachby a pair of smaller arcs. Tangentcontinuity
is obtainedby choosingthe midpoint of the next arc on the
line throughmid- to endpointof the given arc. This example
shaws the sourceof the greatvariability of geometricpatterns
in Gothic architecture.

G. Appeaance:Pro les

So far, the structureof the window is solely de ned by
the differentregions, with their closedborderscomposedof

a) b)

Fig. 15. Window pro les.

line and circular arc seggments.All constructionspresented
are solely two-dimensional.The fascinatingand impressve
three-dimensionalitpf Gothicwindowsis achievedby pro les
that give depthto the two-dimensionalgeometric gures. In
architecturalllustrations,pro les canoften befound above or
below a front view, like thosein Fig. 15 from Egle [3].

Technically thesepro les aresweptalongtheregion border
curves,with the pro le planebeingorthogonalto the tangent
of the curve. At cornerpoints,wherethetangents discontinu-
ous,the sweepis continuedontothe bisectorplane.This is the
planethatis spanneddy the bisectingline of the anglein the
cornerandthe normalof the 2D constructionplane.Actually
this only applieswhenthe curve is locally symmetricto the
bisectorplane.ln moregeneralcasesthe discontinuitylocally
follows the medial axis of the two partsof the curve.

Il. GML REALIZATION

The Generatre Modeling Language(GML) is a very sim-
ple, stack-basegrogramminganguageor creatingpolygonal
meshes[4]. The languagecore is very similar to that of
Adobe's PostScript,as concisely describedin chapter3 of
the PostScript“Redbook” [5], which largely applies also
to the GML. The GML doesnt have PostScript extensve
set of operatorsfor typesetting,though. Instead,it provides
quite a numberof operatorsfor three-dimensionatodeling,
from low-level Euler operatordor meshediting, to high-level
modeling tools, such as different forms of extrusions, and
operatorsto corvert back and forth betweenpolygons and
meshfaces.

Despite its simplicity, the GML is a full programming
languageandit canbe usedto ef ciently exploit the striking
similarity between3D modeling and programming: Good,
well-structured3D modelingoftenfollows a coarse-to- neap-
proachwhendesigninga shape andwell-structuredprograms
usere-usableparameterizedlassesor modulesto accomplish
ary particular instanceof the type of task they have been
designedor.

A. The Pointed Arch

A pointedarchis composeaf two circulararcs.An arccan
be speci ed by start- and endpoint,and the midpoint of the
circle, like in Fig. 11 b). In GML, we write this asan array of
threepoints:[ a m b ]. Thisaloneis ambiguousasthereare



